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INTRODUCTION 
Let R be a commutative algebra with an identity 1 over a prime field 
GF(p) of characteristic p > 0. In [5], Witt has proved that if R is a field then 
R has a G-Galois extension field for a finite p-group G if and only if 
(R’: P(R)), the index of an additive subgroup 9(R) = {9(r) = rp -r; 
r E R} in the additive group R + of R, is not smaller than (G: Q(G)), where 
@P(G) is the Frattini subgroup of G. Further, in the case of R is a ring, the 
existence of a commutative G-Galois extension ring S of R such that every 
commutative G-Galois extension ring of R is an image of S is proved by 
Saltman in [4]. 
In this paper, as a generalization of Witt’s result, we shall show that if R 
is a connected ring (resp. a domain with the quotient field K and a local 
ring) then R has a commutative G-Galois extension S such that S is a 
connected ring (resp. a domain and a local ring) if and only if (R ’ : 9(R)) > 
(G: a(G)) (resp. ((R + 9(K))’ : *P(K)) > (G: @J(G)) and ((R/J(R))‘: 
.Y(R/J(R)) > (G: G(G)) where J(R) is Jacobson radical of R). 
In what follows, all rings considered are supposed commutative algebras 
with an identity 1 over GE’(p) for a fixed prime p. Hence, for a ring R, 
R/Y(R) will be considered as a vector space over GE’(p). 
1. CONNECTED ABELIAN EXTENSIONS 
At the start, we require some remarks about Galois extensions of rings. 
A ring R is said to be connected if it has no nontrivial idempotents. 
(i) Let T/R be an H-Galois extension for a finite group H. If R is a 
field (resp. a domain and a local ring) then T is a field (resp. a domain and a 
local ring) if and only if T is connected. 
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For if R is a field, the assertion is clear from ] 1, p. 49, Corollary 2.4]. If 
R is a domain with the quotient field K, then T@, K is an H-Galois 
extension of a field K. If R is a local ring, Jacobson radical J(g of T is 
J(R)T [3, Proposition 7.81 and T/J(R)T is an H-Galois extension of a field 
R/J(R). Thus assertions of these cases are immediate consequences of the 
case R is a field. 
Let A = (ai) x (u2) x I.. x (ok) be an elementary abelian group of order 
pk, M an extension ring of R such that M = R [x,, x2,..., xk] = C @ xflxt ... 
x?R (0 < ij <p - 1) with Y(xj) = rj E R for j = 1, 2 ,..., k. 
(ii) M can be considered as an A-Galois extension of R by Ui(Xj) = 
xi + 6,, where 6, is the Kronecker delta. Conversely, if T/R is an A-Galois 
extension, then there exist elements xi, x2 ,..., xk E T which satisfy the above 
conditions, namely, T is an A-Galois extension of R if and only if T is 
isomorphic to R [X, , X, ,.,., X,1/(9(X,) - r, , 9(X,) - r2 ,..., >P(X,) - rk) for 
some r,, rz ,..., rk E R [2]. 
(iii) Let R be connected. Then M is connected if and only if 
r, + 9(R), rz + 9(R) ,..., rk +9(R) are linearly independent in a CR(p)- 
space R/Y(R) [4, Theorem 1.7(b)]. 
LEMMA 1.1. (I) If R is connected, then the following conditions are 
equivalent. 
(1) There exists an A-Galois extension T of R such that T is a 
connected ring. 
(2) There exist elements r,, r2,..., rk of R such that r, + 9(R), 
rz + Y(R),..., rk + 9(R) are linearly independent in R/9(R). 
(3) (R + : Y(R)) >pk. 
(II) If R is a domain with the quotient field K, then the following 
conditions are equivalent. 
(1) There exists an A-Galois extension T of R such that T is a 
domain. 
(2) There exist elements r,, rz,..., rk of R such that r, +9(K), 
rz + 9(K),..., rk + 9(K) are linearly independent in (R + Y(K))/Y(K). 
(3) (CR + y’(K)) + : y”(K)) > pk. 
(III) If R is a local ring, then the following conditions are equivalent. 
(1) There exists an A-Galois extension T of R such that T is a local 
ring. 
(2) There exist elements r,, r2,..., rk of R such that F, +9(R), 
ONp-EXTENSIONS OFANALGEBRA 175 
2 + Y(R),..., Fk + 9(E) are linearly independent in I?/Y(I?)), where 
R = R/J(R) and Fi is the coset of ri modulo J(R). 
(3) @+ : 9(R)) >pk. 
Proof: (I) (1) 2 (2) is mentioned in (ii) and (iii), and (2) -+ (3) is clear. 
Since R/.?(R) is a GF(p)-space, (3)-+ (2) is clear. 
(II) and (III) are easy consequences of (i) and (I). 
2. CONNECTEDP-GALOIS EXTENSIONS 
The purpose of this section is to extend Witt’s result to the case of 
connected rings. 
By a similar method as in that of [4, Theorem 1.71, we can see the 
following Lemma. 
LEMMA 2.1. Let R be connected and S an H-Galois extension for a finite 
group H. If S is not connected, then there exists a nontrivial idempotent 
e E S such that ez(e) = 0 or z(e) = e for r E H. 
Proof. Let f be a nontrivial idempotent of S. Then H-norm N(f) is 1 or 
0. If N(f) = 1, we have a contradiction f = 1 since f is invertible. Thus 
N(f) = 0. Let e be a product r,(f) r2(f) ..a s,(f) of maximal length such 
that e # 0, and such that the r,(e)‘s are distinct. For any r E H, assume 
er(e) # 0. Then each r(ri( f )) appears among the rj( f ))s and so r(e) = e. 
Let G be a finite p-group of order p’ and Q(G) the Frattini subgroup of G. 
By virtue of Lemma 2.1, we can see the following theorem. 
THEOREM 2.2. Let R be connected and S/R a G-Galois extension. If 
S”‘G’ = M is connected then so is S. 
Proo$ Suppose S is not connected. For any idempotent e as in Lemma 
2.1, we set H = {T E G; r(e) = e). Choose r,, r2 ,..., r, to be right coset 
representatives in @(G)/@(G)n H. Then all r,(e)% are distinct and 
orthogonal, and e’ = ri(e) + r*(e) + . . . + rs(e) is fixed by Q(G). Hence e’ is 
0 or 1. If e’ = 0, then all t,(e)‘s are zero, a contradiction. Hence e’ = 1. It 
follows that {ri(e); i = 1, 2,..., s} is the full G-orbit of e. In other words, 
H@(G) = G. But @(G) is the Frattini subgroup of G, so H = G, a con- 
tradiction. 
Assume Q(G) # 1. Then there exists a central subgroup C of order p 
which is contained in Q(G). We put P a p-group which is isomorphic to 
G/C. Then 0(P) r @(C)/C and so G/@(G) r P/@(P). 
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(iv) If T/R is a P-Galois extension, then T/R can be embedded into a 
G-Galois extension S/R (4, Lemma 1.8(a)]. Since T? SO”‘, if T is 
connected (resp. a domain and a local ring), then S is connected (resp. a 
domain and a local ring) by Theorem 2.2 and (i). 
We are ready to prove the following main theorem. 
THEOREM 2.3. Let A be an abelian group which is isomorphic to 
G/@(G). 
(I) If R is a connected ring, then the following conditions are 
equivalent. 
(1) There exists a G-Galois extension S of R such that S is a 
connected ring. 
(2) There exists an A-Galois extension M of R such that M is a 
connected ring. 
(3) (R + : .9(R)) > (G: Q(G)). 
(II) rf R is a domain with the quotient field K, then the following 
conditions are equivalent. 
(1) There exists a G-Galois extension S of R such that S is a 
domain. 
(2) There exists an A-Galois extension M of R such that M is a 
domain. 
(3) ((R + Y(K))+ : 9(K)) > (G: Q(G)). 
(III) Zf R is a local ring, then the following conditions are equivalent. 
(1) There exists a G-Galois extension S of R such that S is a local 
ring. 
(2) There exists an A-Galois extension M of R such that M is a 
local ring. 
(3) ((R/J(R))+: ~(R/J@))) > (G: @(G)). 
Proof. (I) (1) -+ (2) + (3) are clear from Lemma 1.1. 
(3)+ (1). If G is of order p, then (G: Q(G)) =p, and there exists a 
connected G-Galois extension of R by Lemma 1.1. Assume now there exists 
a connected G-Galois extension of R for any G of order less than peml. Let 
G be of-order pp. If G is an elementary abelian group, then there exists a 
connected G-Galois extension of R by Lemma 1.1. Thus we may assume that 
Q(G) # 1, and we take P as in (iv). Since P is of order pee1 and 
(R ‘; 9(R)) > (G: @P(G)) = (P: Q(P)), there exists a connected P-Galois 
extension of R. The rest is clear from (iv). 
(II) and (III) are immediate consequences of (I) and (iv). 
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